over an alphabet containing t symbols is t-universal if every permutation of those symbols is contained as a subsequence. Kleitman and Kwiatkowski showed that the minimum length of a t-universal sequence is (1 − o(1))t 2 . In this note we address a related Ramsey-type problem. We say that an r-colouring χ of the sequence X is canonical if χ(x i ) = χ(x j ) whenever x i = x j . We prove that for any fixed t the length of the shortest sequence over an alphabet of size t, which has the property that every r-colouring of its entries contains a t-universal and canonically coloured subsequence, is at most cr t 2 . This is best possible up to a multiplicative constant c independent of r.
Introduction
A sequence X = {x i } n i=1 over thealphabet A = {a 1 , a 2 , . . . , a t } is t-universal if X has as subsequences all permutations of the set A. For instance, if A = {1, 2, 3}, then 1231231 is 3-universal. In general, the minimum length of t-universal sequences over an alphabet of size t, denoted by f(t), is still unknown. The best-known upper bound is f(t) t 2 − 2t + 4 for every t 3, which was provided by several people (see, e.g., [2, 3, 4] ). Moreover, Kleitman and Kwiatkowski [1] showed that f(t) = (1 − o(1))t 2 . In this note we consider the following Ramsey-type problem. We say that an rcolouring χ of the sequence X = {x i } n i=1 is canonical if χ(x i ) = χ(x j ) whenever x i = x j , i.e., all entries with the same value share the same colour. Let R(r, t) be the family of canonical Ramsey sequences X over an alphabet of size t, i.e., sequences such that for every r-colouring of the entries of X there exists a t-universal and canonically coloured subsequence. Moreover, let f(r, t) = min{|X| : X ∈ R(r, t)}.
Note that the number f(r, t) is well-defined, i.e., f(r, t) < ∞. Indeed, let X be a sequence over the alphabet {a 1 , a 2 , . . . , a t } which consists of (t − 1)r t + 1 consecutive blocks of the form a 1 a 2 · · · a t . Since there are exactly r t different ways to colour all entries of one particular block, at least t blocks must have the same colour pattern. Clearly, the subsequence consisting of those t blocks is t-universal and its colouring is canonical. We have just shown that f(r, t)
. The main result of this note determines the order of magnitude of f(r, t) for a fixed integer t. Theorem 1.1. For every positive integer t there is a constant c = c(t) such that for any r the following inequalities hold:
Remark 1. We note that our proof of the lower bound yields a slightly stronger result. Namely, there exist two permutations σ 1 and σ 2 of the set A of size t such that any sequence over the alphabet A and of length at most r t 2 can be r-coloured in such a way that there is no canonically coloured subsequence containing σ 1 and σ 2 .
Proof of Theorem 1.1
We will show that for a fixed there exists a constant c = (2 + 1)(4 + 3) such that r < f(r, 2 )
for any number of colours r. Clearly, this will imply Theorem 1.1. Note that since the second inequality holds trivially, we need to show (LB) and (UB) only.
The lower bound
In order to prove the lower bound (LB) we need to show that there is no sequence X ∈ R(r, 2 ) which has length r . To this end, we define an auxiliary sequence U r, over an alphabet of size 2 , which contains all sequences of length r , and find an r-colouring of U r, containing no 2 -universal and canonically coloured subsequence. Let U r, be a sequence over the alphabet A = {a 1 , a 2 , . . . , a 2 } consisting of r consecutive blocks of the form
2 , x i j = a j for any 0 i r − 1 and 1 j 2 . Observe that any sequence X over the alphabet A and of length r is a subsequence of U r, . Hence, in order to show that X / ∈ R(r, 2 ) it is sufficient to show that U r, / ∈ R(r, 2 ). We are going to define an r-colouring χ r, of U r, which has the property that there is no 2 -universal and canonically coloured subsequence in U r, .
Let χ r, : U r, → {0, 1, . . . , r − 1} be defined as follows. For a given integer i, 3 ), a contradiction. Similarly, one can prove that for any > 2 there is no canonically coloured subsequence in U r, with respect to χ r, (cf. (2.2) ) that contains both
and
as their subsequences. The proof goes by induction. Let us assume that U r, −1 has no canonically coloured subsequence in χ r, −1 that contains both 
The upper bound
In order to prove the upper bound (UB) we need to extend the concept of the universal sequences as follows. Let t and k, t k, be given integers. A variation of length k on a set of size t is a k-subset with a specific order. We say that a sequence over an alphabet of size t is (t, k)-universal if every variation of length k of those symbols is contained as a subsequence. For instance, the sequence 4123412314 is (4, 3)-universal over the alphabet {1, 2, 3, 4}. Let R(r, t, k) be the family of sequences X over the alphabet of size t with the property that, for every r-colouring of the entries of X, there exists a (t, k)-universal and canonically coloured subsequence. Moreover, let
Note that f(r, t) = f(r, t, t) and f(r, t, 1) = t. First we show that
for any r 1, t 1, k 1 and t k + 2. Indeed, let X ∈ R(r, t, k) such that |X| = f(r, t, k). Define a sequence Y to be 2tr + 1 consecutive copies of X, i.e., 
, there exists at least one copy of X (i) which is left untouched. But X (i) ∈ R(r, t, k). Hence, there exists a (t, k)-universal and canonically coloured subsequenceX of X (i) . Since we have already removed the endpoints of Y a i ,j , the sequenceX can be extended in Y to a canonically coloured sequenceỸ in which all symbols {a 1 , . . . , a t } appear before and also afterX. This, together with (t, k)-universality ofX, implies that every variation of length k + 2 can be found inỸ . In other words, Y ∈ R(r, t, k + 2). Moreover, |Y | (2tr + 1)f(r, t, k), and hence (2.12) holds.
Applying (2.12) iteratively together with f(r, t, 1) = t yields f(r, t, 2 + 1) (2tr + 1)f r, t, 2( − 1) + 1 (2tr + 1) f(r, t, 1) = (2tr + 1) t t(2t + 1) r .
Hence, in particular, f(r, 2 + 1) = f(r, 2 + 1, 2 + 1) (2 + 1)(4 + 3) r , which completes the proof of inequality (UB).
Concluding remarks
In the previous section we proved inequalities (2.1). It may be of interest to examine the behaviour of functions f(r, 2 ) and f(r, 2 + 1) in more detail. Below we propose the following problems.
